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1 Introduction
The correct form of the nuclear matter equation of state (EoS) is of much importance
not only for understanding the structure and properties of finite nuclei but has also far-
reaching consequences for neutron stars. There are many theoretical models that describe
their structure and properties in a satisfactory manner. A variety of these models results
from the lack of detailed observational data that could impose adequate constraints on
the EoS describing dense asymmetric nuclear matter. This fact justifies the desirability of
constructing more sophisticated theoretical models that admit reconstruction of not only
neutron star parameters but also would allow the correct interpretation of the experimental
data involving finite nuclei and especially heavy ion collisions (HIC). The latter is a type
of experiments particularly promising because it offers the possibility to explore an EoS
of nuclear matter, that encodes information about the symmetry energy, under conditions
that are changed in a controlled manner. Depending on the energy of the beam and the
isotopic composition it is possible to reproduce and study nuclear matter for various range
of density and neutron-proton asymmetry. In such aspect, within the limits that can be
achieved for a given experiment and for well-defined isospin sensitive observables, HIC
is the unique tool to gain information on asymmetric nuclear matter. However, the key
fact that affects the interpretation of the obtained experimental data is that HICs are
non-equilibrium processes and every data analysis involve a transport model. Thus, at
the basis of the experimental determination of symmetry energy lies the selection of the
appropriate observables and the theoretical model that is involved in their description.
HICs in the energy range from Fermi energies up to energies of several GeV per particle,
through appropriate selection of phenomena enable the analysis of the form of symmetry
energy in various density range. The dense, hot and isospin asymmetric nuclear matter
created during HIC is subject to evolution, which involves expansion and cooling thus,
creating properly diversified physical conditions for extracting information on the symmetry
energy. The measurements of individual quantities depend on the energy that is achieved
during experiments. To define observables sensitive to the symmetry energy it is important
to correctly describe the produced clusters and fragments in transport models involved.
Considering some of the selected key observables in HIC that allow to gather information
on the symmetry energy dependence on density the following examples can be quoted.
At Fermi energy (below and around the saturation density n0) fragmentation, isospin
fractionation and isospin transport are the key factors that determine the isospin contents
of the reaction products. At intermediate energies during the initial phase of the collision
the pre-equilibrium emission of high energy particles and light fragments take place. The
measured observables, which are considered as strong probe of the symmetry energy are
the neutron and proton ratio R(n/p) and at higher energies R(t/3He) [1–3]. Analysis of
data supports the conclusion that the magnitude of R(n/p) depends on the stiffness of the
symmetry energy and that the impact of the symmetry energy increases with the increasing
value of the neutron-proton asymmetry. Cancelation of residual effects that are not related
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to the symmetry energy demands measurements of the double n/p ratio
DR(n/p) =
R124Sn+124Sn(n/p)
R112Sn+112Sn(n/p)
(1.1)
for two different systems. By comparing double ratios DR(n/p) with the predictions of the
ImQMD transport model one can get constraints on the symmetry energy. In particular,
this allows inference in the problem of the momentum dependence of the symmetry mean-
field potential that leads to differences between neutron and proton effective masses [4, 5].
The analysis of the correlated emission of generated particles was performed in order to
evaluate and quantify the symmetry energy in the high density limit. In general, the
phenomenological description of the collective expansion is called the flow. In a non-central
collisions the anisotropic flow concerns the anisotropy in particle momentum distributions
correlated with the reaction plane. Information that can be extracted from observation
of anisotropic flow bases on the analysis that is performed in terms of the Fourier series
expansion of the azimuthal distribution [3, 6, 7]
E
d3N
dp
=
1
2pi
d2N
ptdptdy
(
1 + 2
∞∑
n=1
vn(pT , y) cos(n(θ − ψRP ))
)
, (1.2)
where E and p denotes the energy and momentum of a particle, pt is the transverse mo-
mentum, θ the azimuthal angle for the fixed rapidity y, ψRP defines the position of the
reaction plane. For the isotropic emission vn = 0 for all n, vn 6= 0 indicates anisotropic
emission with the v1 and v2 coefficients that allows for the characteristics of the directed
and elliptic flow, respectively. The analysis of the recently measured data by the ASY-EOS
Collaboration [8], for the reaction 197Au+ 197Au leads to the estimation of the power-law
coefficient describing the density dependent potential part of the symmetry energy.
Phenomena controlled by the symmetry energy are related to the general idea of the
isospin transport (difference between neutron jn and proton jp currents), which results
from the combined effects of isospin and density gradients [3, 9]
jn − jp ≈ Esym(nb)∇I + ∂
∂nb
I∇nb. (1.3)
The isospin gradient with the coefficient that is proportional to the symmetry energy deter-
mines diffusion and the density gradient defined as drift is proportional to the slope of the
symmetry energy. The observable that bases on the isospin diffusion and gives information
on the symmetry energy is the isospin equilibration. Isospin equilibrium is one of several
types of equilibrium that excited nuclear matter can achieve. Its theoretical description
requires modelling time evolution of the system and therefore involves transport model de-
pendence. If such large spacetime volume equilibrium is actually achieved in experiments
can be disputed. In all discussed energy regimes we encounter non-equilibrium dynamical
processes, which have to be modelled (transport theory). Although this approach has quite
correct theoretical description, various approximations are inevitable what makes things
even more complicated and produces additional uncertainties. To deal with this problem
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an approach based on Pade´ approximation is put forward.
The paper is organized as follows. Basic concepts related to the description of the sym-
metry energy are presented in Section II. The Pade´ approximation approach is described in
Section III. Then, in Section IV, experimental limitation concerning high density limit are
discussed with the emphasis on the role of the forth order term in the symmetry energy.
Details of the theoretical models relevant for the analysis of asymmetric nuclear matter
and neutron star matter are given in Section V. Main results are shown in Sections VI and
VII.
2 Symmetry energy
The energy density of asymmetric nuclear matter, in the most general form, can be for-
mulated in terms of the baryon density nb = nn + np and isospin asymmetry parameter
δa, which determines the difference between concentrations of neutrons nn and protons np
and can also be expressed through the relative proton fraction Yp:
δa =
nn − np
nb
= 1− 2Yp, Yp = np
nb
. (2.1)
States with different neutron and proton concentrations are characterised by different en-
ergies. These energy differences significantly figure in the symmetry energy, which for the
system that comprises N nucleons (N = Nn +Np, nb = N/V , ni = Ni/V i = n, p), can be
written as
sym(nb, δa) = (nb, δa)− (nb, 0). (2.2)
Equation (2.2) shows the decomposition of the energy (nb, δa) into the symmetric part
(nb, 0) with equal numbers of protons and neutrons and the isospin dependent one. A
commonly used method that allows one to separate the isospin dependent part of the
energy and also offers the possibility to perform more detailed analysis of the symmetry
energy is a Taylor expansion of the function (nb, δa), which after introducing a compact
notation: x = (nb, δa) and x0 = (n0, 0) can be written in the following way:
(x) = (x0) + [(x− x0) · ∇(x0)] + 1
2
[(x− x0) · (H(x) · (x− x0))] + . . . , (2.3)
where H(x) is the matrix of second derivatives of the function (x) (Hessian matrix). Such
decomposition is a proven method of analysing properties of nuclear matter. It has been
shown that the Taylor series of the function (nb, δa) provides an approximation of the en-
ergy density in some open neighbourhood around (nb, δa) = (n0, 0). The truncated series
which includes only second order terms represents the so-called parabolic approximation
is widely used to describe properties of nuclear matter in a limited range of density (near
the nuclear saturation density n0) and neutron-proton asymmetry (nuclear matter akin to
the symmetric one δa ∼ 0). The approximation of the function (nb, δa) that refers to the
Taylor expansion allows one to specify definition of the symmetry energy. Considering the
Taylor expansion of the energy density (nb, δa) in terms of neutron-proton asymmetry δa,
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the relation that allows one to obtain the conventional definition of the symmetry energy
can be derived:
(nb, δa) = (nb, 0) +
1
2
∂2(nb, δa)
∂δ2a
∣∣∣∣
δa=0
δ2a +
1
24
∂4(nb, δa)
∂δ4a
∣∣∣∣
δa=0
δ4a + . . . (2.4)
The above expression includes terms up to the forth order in the isospin asymmetry pa-
rameter. Terms with odd powers in δa vanish. Introducing the notation:
(nb, 0) = 0(nb), (2.5)
E2,sym(nb) =
1
2
∂2(nb, δa)
∂δ2a
∣∣∣∣
δa=0
,
E4,sym(nb) =
1
24
∂4(nb, δa)
∂δ4a
∣∣∣∣
δa=0
the energy density (nb, δa) can be rewritten as follows:
(nb, δa) = (nb, 0) + E2,sym(nb)δ
2
a + E4,sym(nb)δ
4
a + . . . , (2.6)
where E2,sym and E4,sym are density dependent. Currently, there is no knowledge about the
density dependence of the function E4,sym(nb). The leading order coefficient in series (2.6)
proportional to δ2a is widely accepted as a definition of the symmetry energy. Subsequently
(nb, δa = 0) and E2,sym(nb) can be expanded in a Taylor series around the equilibrium
density n0:
ε(nb, δa = 0) = ε(n0) +
1
2!
∂2ε
∂n2b
∣∣∣∣
n0
u2 + . . . (2.7)
E2,sym(nb) = E2,sym(n0) +
∂E2,sym
∂nb
∣∣∣∣
n0
u+
1
2!
∂2E2,sym
∂n2b
∣∣∣∣
n0
u2 + . . . , (2.8)
where u = (nb−n0)/3n0. Equations ( 2.6, 2.7, 2.8) allows one to express the nuclear matter
EoS through a series of coefficients:
(nb, δa) = (n0) + Esym(n0) δ
2
a + Lδ
2
a u+ (K0 +Ksym δ
2
a)u
2, (2.9)
where (n0) is the binding energy of symmetric nuclear matter and K0 is the incom-
pressibility. Parameters that characterize the isospin dependent part of the EoS are: the
symmetry energy coefficient E2,sym(n0), its density slope L and curvature Ksym. The last
two parameters are given by the following equations:
L(n0) = 3n0
dEsym(nb)
dnb
∣∣∣∣
nb=n0
, (2.10)
Ksym(n0) = 9n
2
0
d2Esym(nb)
dn2b
∣∣∣∣
nb=n0
. (2.11)
Given data from many terrestrial experiments and using constraints coming from astro-
physical observations it is possible to estimate consistently the values of the symmetry
energy coefficient E2,sym(n0) = 31.6±2.66 MeV and the slope L(n0) = 58.9±16 MeV [10].
– 5 –
2.1 Pade´ approximation
The need to solve various modelling and computation problems have resulted in the devel-
opment of approximation theory that provided us with such tools as the Pade´ approximants
[11]. The first computational problem in the analysis of the symmetry energy by consider-
ing the Taylor series of the energy density (nb, δa) of the nuclear matter expanded around
the isospin asymmetry parameter δa, consists in the implicit-like definition of the symmetry
energy. The second one arises while trying to find possibly the best analytic formula for
values of the symmetry energy in a region, where experimental data are not available, i.e.,
at very high densities. Thus, although the definition of the symmetry energy could be ac-
cepted as the coefficient in the second order term in the Taylor series for the energy density,
yet in the case of high densities that are relevant for neutron star interiors such expansion
can be questioned [12], [13]. Now, a Pade´ approximant gives better approximation of the
initial function than the particular truncated Taylor series. Also the Pade´ approximants
may still be used in that parts of the function domain, where the Taylor series does not
converge, i.e., beyond its disc of convergence [14].
The Pade´ approximants can be viewed as formal Gaussian quadrature methods [15]. Be-
low are recalled some basic results on the Pade´ approximants. Let c(z) be a formal power
series c(z) ≡ ∑∞i=0 cizi of the analysed function f(z). For any pair of nonnegative inte-
gers (L,M), the [L,M ]-th Pade´ approximation of f(z) is defined as a rational function
PLM ≡ ALBM =
∑L
i=0 aiz
i∑M
i=0 biz
i
, satisfying the condition that all terms in the formal power series
(
∑M
i=0 biz
i)(
∑∞
i=0 ciz
i)−∑Li=0 aizi should vanish up to the term zL+M . Provided that every
Hankel determinant is different from zero, the Pade´ approximation is uniquely determined
[11]. Then, b0 can be chosen uniquely as equal to 1.
It is essential to know the truncation error, RL,M (z) = f(z)− PLM , which arises when the
function f(z) is replaced by its approximation. Now, given Lk +Mk →∞ as k →∞, the
limit RLk,Mk(z) → 0 for Lk = Mk, which follows from the Pade´ conjecture due to Baker,
Gammel, and Wills [16]. The assumption of convergence of the diagonal (L = M) sequence
of approximants [16–19] is the foundation of many calculations and applications [20–34].
Calculations in this paper also are based on its validity.
The Pade´ approximant P 22 is used in the analysis of the energy density (nb, δa) of asymmet-
ric nuclear matter which was performed in this paper. As the Maclaurin series of (nb, δa)
taken with respect to the asymmetry parameter z ≡ δa has the vanishing odd coefficients
thus, P 22 is the lowest, nontrivial Pade´ approximant. As c1 = c3 = 0
P 22 (nb, δa) =
c0c2 + (c
2
2 − c0c4)δ2a
c2 − c4δ2a
= c0 +
c22
c2 − c4δ2a
δ2a , (2.12)
where the coefficients ci, i = 0, 2, 4, in the Maclaurin series are functions of the baryon
number density nb and are equal to the corresponding coefficients in Taylor expansion:
c0(nb) ≡ (n0, 0), c2(nb) ≡ E2,sym(nb) and c4(nb) ≡ E4,sym(nb). Finally, there are several
algorithms that relate Taylor series and Pade´ approximants and it is possible to compare
the effectiveness of both approaches [35].
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Table 1. The value of the E4,sym(n0) obtained on the basis of different theoretical models
Theoretical model Value of E4,sym(n0) [MeV]
Interacting Fermi gas model ([38]) 7.18± 2.52
Chiral pion-nucleon dynamics ([39]) 1.5
Quantum molecular dynamics (QDM) ([40]) 3.27 ∼ 12.7
Relativistic mean field models ([41]) ≤ 2
Extended nuclear mass formula ([42]) 20± 4.6
Basing on the Pade´ approach and using the standard definition of the symmetry energy
as the coefficient of δ2a term, the following formula for the symmetry energy is obtained
EPsym(nb, δa) = g(nb)
(
1
1− f(nb)δ2a
)
, (2.13)
where g(nb) = E2,sym(nb) and f(nb) = E4,sym(nb)/E2,sym(nb). The symmetry energy
given by Eq.(2.13) is a function that depends not only on density but also on isospin
asymmetry. The introduction of the function f(nb), which describes the ratio of the quartic
and quadratic terms has raised the question about the role and importance of the quartic
term E4,sym(nb). The form of the symmetry energy, which depends only on the density
is recovered (EPsym(nb, δa) = E2,sym(nb)), in the case when the quartic term is neglected,
E4,sym(nb) = 0. Assuming self-similar density dependence of E2,sym(nb) and E4,sym(nb)
functions, which thereby preserve the same density profiles, the function f(nb) can be
replaced by a constant parameter q. This particular case is analysed in Section V.
2.2 The importance of the 4-th order term
Symmetry energy definition formulated on the basis of the parabolic approximation may
be justified in case of finite nuclei, where the value of the isospin asymmetry parameter
δa is low. However, it seems to be inappropriate when it increases significantly reaching a
value close to one (δa → 1) in the extreme case. Unfortunately, there are no experimental
constraints on E4,sym(nb) but, yet there are several theoretical estimations of the value of
the 4-th order term at saturation density E4,sym(n0) which are collected in Table 1.
3 Symmetry energy aspects of systematics
Description of isospin asymmetric nuclear matter involves a variety of theoretical ap-
proaches. Among others, three main categories were developed: microscopic, phenomeno-
logical and effective field theory. The first of them applies to methods that incorporate
realistic interactions modelled on the high precision free space nucleon-nucleon (NN) scat-
tering data and the deuteron properties. The constructed NN interactions have to be
combined with many-body calculations of nuclear systems. The basic approaches to the
solution of many-body problems are of the variational-type and of Brueckner-type [43].
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However, in the case of realistic NN interaction models there is a problem in reproducing
the saturation point. The popular versions of the Argonne AV14 or Urbana UV14 poten-
tials used in the variational calculations did not reproduce satisfactory saturation properties
of nuclear matter [43]. The phenomenological three-nucleon interaction with parameters
adjusted to obtain, together with the two-nucleon interaction, the correct value of the
nuclear matter saturation properties, has to be introduced [44]. The non-relativistic case
of the Brueckner-type calculations, the Brueckner-Hartree-Fock (BHF) [46] method which
incorporates the realistic two-nucleon potentials (for example the Bonn or Paris potential)
also does not saturate at empirical density.
The relativistic Dirac Brueckner-Hartree-Fock (DBHF) approach provides a better de-
scription of the nuclear saturation properties of symmetric nuclear matter [47]. In this case
the saturation point of nuclear matter is shifted to its empirical value due to the density
dependence of the nucleon spinor and consequently the medium dependence of the NN
interaction [45]. The second category of theoretical approaches, phenomenological models
of nuclear matter EoS, bases on the effective density dependent interactions, characterised
by parameters that have been determined from experimental data. Calculations performed
in Hartree-Fock and Thomas-Fermi approximations for the most popular effective density
dependent interactions, the Skyrme or Gogny forces, satisfactorily reproduce various prop-
erties of nuclei and nuclear matter. Another phenomenological approach are relativistic
mean field (RMF) models in which, in case of two component system, neutrons and protons
are main constituents and description of strong interaction bases on the exchange of dif-
ferent kinds of mesons. [48]. There are different extensions to this approach, which among
themselves create separate classes of models. One of the models introduces nonlinear self
and mixed meson couplings in order to properly include medium effects in the description
of finite nuclei and nuclear matter. An alternative group of models are those that contain
density-dependent meson-nucleon coupling constants.
The chiral effective field theory (EFT) has been also successfully applied to the mod-
elling of NN interactions giving consistent description of two- and many-nucleon forces.
3.1 Experimental constraints
In general, knowledge about current theoretical and experimental limitations on the form
of the symmetry energy in the full density range, below and above the saturation density,
is very incomplete. In this section a very short summary of the most relevant experimen-
tal and theoretical results have been collected in order to present a certain minimum of
information which seems to be indispensable to deal with the problem of the high density
dependence of the symmetry energy. In studies on this subject a very important issue is
the selection of appropriate observables carrying, for a given density range, information
about the symmetry energy which is not measured directly in experiments. Results that
have been obtained depend ultimately on the range of studied density. Isoscaling analysis
of the yields of nuclei with A ≤ 4 reveals that at very low density (nb  n0) the symmetry
energy calculated on the basis of virial expansion [49] exceeds the one resulting from the
mean field calculations [50]. Quantum statistical approach that includes the formation
of clusters in nuclear matter follows this experimental results [51]. Experiments, carried
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out in terrestrial laboratories, dedicated to analysis of the symmetry energy below and
in close vicinity of the saturation point uses among others the following isospin-sensitive
observables: atomic masses, the heavy ion multifragmentation reactions, measurements
of neutron skin in antiprotonic atoms, Pygmy Dipole Resonance in 208Pb, Giant Dipole
Resonance in 208Pb, neutron skins of heavy nuclei, isospin diffusion in heavy ion reactions,
excitation energies of isobaric analog states, isoscaling of fragments from intermediate en-
ergy heavy ion collisions, electric dipol polarizability in the Pygmy Dipole Resonance [52].
Results obtained for the existing experimental data and on the basis of theoretical models
allow for the analysis of the symmetry energy at densities nb ≤ n0 and for drawing coherent
conclusions on the behaviour of the symmetry energy for sub-saturation densities.
Unfortunately, the symmetry energy remains largely unconstrained both theoretically
and experimentally at densities above saturation density n0 and this problem is far from
being settled. Most of information on this subject comes from HICs data. It is predicted
that this data can be related to isospin sensitive observables that are associated with
the early phases of collisions. Various such observables have been specified. However,
the ongoing processes in HICs are non-equilibrium ones and their interpretation involve
transport models. This, despite the good accuracy of the experimental data, leads to a
lack of consistency between some of the results. In such cases, contradictory constraints
on the density dependence of the symmetry energy can be obtained. In this context, the
task of finding the most adequate isospin sensitive observables becomes very important. A
very promising one is the elliptic flow ratio of neutrons with respect to protons and light
charged complex particles in reactions of neutron-rich systems at pre-relativistic energies.
It is given by the elliptic flow parameters difference vn2 − vp2 and ratio vn2 /vp,H2 (1.2).
In many cases analysis of the symmetry energy is based on its density dependence
expressed in the form of a power law:
Esym(nb) = E
pot
sym(nb) + E
kin
sym(nb) = 22MeV
(
nb
n0
)γ
+ 12MeV
(
nb
n0
)2/3
. (3.1)
Equation (3.1) includes the kinetic and potential terms with γ being a parameter that
completely characterizes the potential part of the symmetry energy. The existing early data
from the FOPI-LAND experiment [53, 54] have been compared with calculations performed
with the ultra-relativistic quantum molecular dynamics (UrQMD) transport model [55–57]
and with the power-low parametrization of the density dependence of the potential parts
of the symmetry energy. The obtained result allows to restrict the density dependence
of the symmetry energy what corresponds to the following value of the coefficient γ =
0.9 ± 0.4. In the central zone of HICs the value of density of the order of 2 × n0 can be
achieved at moderate energy of 400 MeV/nucleon [8]. In order to improve the accuracy
of the experimental flow parameters a new ASY-EOS experiment [8] was carried out on
197Au +197Au, 96Zr +96Zr and 96Ru +96Ru collisions at 400 MeV/nucleon. The performed
analysis, with particular effort directed at the improvement of the statistical accuracy leads
to the power law coefficient γ = 0.72± 0.19 [8].
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4 The model
The theoretical model on the basis of which the calculations were carried out comprises
nucleons interacting through the exchange of the scalar meson σ and vector mesons ω and
ρ. The Lagrangian density can be given as a sum L = L0 + LM + Lint, where the L0
denotes the Lagrangian of free nucleons
L0 = ψ¯N (iγµ∂µ −mN )ψN , (4.1)
and
ψN =
(
ψp
ψn
)
with neutron and proton spinor ψn and ψp. LM is the Lagrangian of free meson fields σ, ω
and ρ:
LM = 1
2
∂µσ∂
µσ − 1
2
m2σσ
2 +
1
2
m2ω(ωµω
µ) +
1
2
m2ρ(ρ
a
µρ
aµ)− 1
4
ΩµνΩ
µν − 1
4
RµνR
µν , (4.2)
where Ωµν = ∂µων − ∂νωµ and Rµν = ∂µρaν − ∂νρaµ are the field tensors. The interaction
Lagrangian Lint has the form
Lint = gσσψ¯NψN − gωωµψ¯NγµψN − 1
2
gρρ
a
µψ¯Nγ
µτ¯ψN − U(σ, ω, ρ). (4.3)
The potential Ueff (σ, ω, ρ) includes nonlinear scalar and vector meson terms:
Ueff (σ, ω, ρ) =
1
3
g2σ
3 +
1
4
g3σ
4 − 1
4
c3(ωµω
µ)2 (4.4)
− (ΛS(gσgρ)2(ωµωµ)σ2 + ΛV (gωgρ)2(ωµωµ)) (ρaµρaµ)
and its form is dictated by the need for correct description of both the bulk properties of
finite nuclei and nuclear matter.
The mixed isoscalar - isovector coupling ΛV (gωgρ)
2(ωµω
µ)(ρaµρ
aµ) [61–63] enhances the
isovector sector of the model and thereby the ability of the density dependence of the sym-
metry energy to be modified. The considered parametrisation (Table 2) gives satisfactory
results when describing the properties of finite and infinite nuclear systems. However, the
original model may not be sufficient to correctly describe the form of the symmetry energy
and especially its high density limit. The nonlinear mixed isoscalar-isovector couplings are
particularly important as their function is to undertake the modification of the density de-
pendence of the symmetry energy [36]. The Lagrangian function L = L0 +LM +Lint leads
to field equations that were solved in the mean field approximation, which requires sub-
stitution of the meson fields operators by their expectation values: σ(x) →< σ(x) >≡ s0,
ωµ(x)→< ωµ(x)δ0µ >≡ w0, ρµa(x)→< ρµa(x)δ0µδ3a >≡ r0. Adopting this approach, the
following form of the equations of motion can be obtained:
m2σs0 = −g2s20 − g3s30 + ΛS(gσgρ)2s0r20 + gσns, (4.5)
m2ωw0 + c3w
3
0 + ΛV (gωgρ)
2r20w0 = gωnb, (4.6)
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Table 2. The TM1 parameter set [59]
scalar field σ mσ = 511.198 MeV gσ = 10.029 g2 =7.2327fm
−1 g3 = 0.6183 -
vector field ω mω = 783 MeV gω = 12.614 c3 = 71.308 - -
vector field ρ mρ = 770 MeV ΛV 0.0 0.015 0.03
gρ(ΛV ) 9.2644 10.6767 11.0964
m2ρr0 + (ΛV (gωgρ)
2w20 + ΛS(gσgρ)
2s20)r0 = gρδanb, (4.7)
(iγµ∂
µ −meff (s0)− gωγ0w0 − gρI3Nγ0τ3r0)ψN = 0. (4.8)
The scalar ns and baryon nb densities are given by
ns =
∑
N=n,p
γ
(2pi)3
∫ kF,N
0
meff (s0)d
3k√
(k2 +m2eff (s0))
, (4.9)
nb = (γ/6pi
2)k3F , where γ is the spin-degeneracy factor and meff = mN − gσs0 [37].
Solutions of the field equations allow for the calculation of the energy density  and pressure
P of nuclear matter. From the energy-momentum tensor the energy density  =< T 00 >
and pressure P = 1/3
∑
i < T
ii > can be obtained and their forms in the mean field limit
are given by:
 =
1
2
m2ωw
2
0 +
1
2
m2ρr
2
0 +
1
2
m2σs
2
0 +
3
4
c3w
4
0 + 3ΛV (gωgρ)
2w20r
2
0 (4.10)
+ ΛS(gσgρ)
2s20r
2
0 +
1
3
g2σ
3 +
1
4
g3σ
4 +
∑
N=n,p
2
(2pi)3
∫ kF,N
0
d3k
√
k2 +m2eff (s0),
P =
1
2
m2ωw
2
0 +
1
2
m2ρr
2
0 −
1
2
m2σs
2
0 +
1
4
c3w
4
0 + ΛV (gωgρ)
2w20r
2
0 (4.11)
+ ΛS(gσgρ)
2s20r
2
0 −
1
3
g2σ
3 − 1
4
g3σ
4 +
∑
N=n,p
2
3(2pi)3
∫ kF,N
0
d3k
k2√
k2 +m2eff (s0)
.
Using the parabolic approximation as the definition of the symmetry energy one can obtain
for the considered model its general form:
E2,sym(nb) =
k2F
6
√
k2F +m
2
eff
+
g2ρnb
2(m2ρ + ΛV (gρgω)
2w20 + ΛS(gρgσ)
2s20)
. (4.12)
Taking into regard corrections to the 4-th order in the Taylor expansion E4,sym(nb) =
Ekin4,sym(nb) + E
pot
4,sym(nb) the following additional contributions to the symmetry energy
should be included:
Ekin4,sym(nb) =
k2F
648
4m4eff + 11m
2
effk
2
F + 10k
4
F
(
√
k2F +m
2
eff )
5
(4.13)
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Epotsym,4(nb) =
g8ρn
3
b
2Q4ρ
+
(
ΛV g
4
ωw
2
0
Qω
− Λ
2
Sg
4
σs
2
0
Qσ
)
+ (4.14)
+
g2σnbmeffk
2
F
24Qσ(
√
k2F +m
2
eff )
3
4ΛSgσg4ρs0nb
Q2ρ
− meffk
2
F
3(
√
k2F +m
2
eff )
3
 ,
where Qσ, Qω and Qρ are given by the following relations [41]
Qσ = m
2
σ + g
2
σ
 3ns
meff
− 3nb√
k2F +m
2
eff
+ 2g2s0 + 3g4g3s30, (4.15)
Qω = m
2
ω + 3c3(gωw0)
2 (4.16)
Qρ = m
2
ρ + ΛS(gσgρ)
2s20 + ΛV (gωgρ)
2w20. (4.17)
The obtained relations allow one to calculate the symmetry energy in the Pade´ approxi-
mation.
4.1 Matter of a neutron star
The chemical composition of a neutron star is set with the assumption of charge neutrality
and equilibrium due to β decay thus, the correct model of matter requires the presence of
electrons and muons. The Lagrangian function must be supplemented by the Lagrangian
of free leptons Ll:
Ll =
∑
l=e,µ
ψl(iγ
µ∂µ −ml)ψl. (4.18)
The appearance of leptons gives additional contributions to the energy density l and
pressure Pl of neutron star matter, where
l =
2
(2pi)3
∫ kF
0
d3k
√
k2 +m2l (4.19)
and
Pl =
2
3(2pi)3
∫ kF
0
d3k
k2√
k2 +m2e
. (4.20)
The chemical equilibrium is characterised by correlations between chemical potentials,
which in the process p + e− ↔ n + νe leads to the following relation µasym = µn − µp =
µe−µνe . Assuming that neutrinos are no trapped in neutron star matter (µνe = 0), µasym
reduces to µasym = µn − µp = µe.
5 Results
The aim of this paper is to study the high density behaviour of the symmetry energy.
Information on the symmetry energy is encoded in the EoS of asymmetric nuclear matter, so
the problem of knowing the density dependence of the symmetry energy comes down to the
analysis of the isospin dependent properties of nuclear matter. The exact form of the EoS of
– 12 –
 0
 0.2
 0.4
 0.6
 0.8
 1
δa
 0
 0.1
 0.2
 0.3
 0.4
 0.5
nb [fm-3]
-20
-10
 0
 10
 20
 30
 40
 50
E b
 
[M
eV
]
Figure 1. The binding energy of asymmetric nuclear matter as a function of baryon number density
nb and the isospin asymmetry parameter δa.
asymmetric nuclear matter, calculated for the TM1 parametrisation is presented in Fig.1.
The EoS is a function of both the isospin asymmetry parameter δa and baryon density nb.
The choice of this parametrization is dictated by the fact that it gives a correspondingly
stiff EoS for the matter of a neutron star, which allows for the construction of neutron star
models with the values of masses in the range acceptable by observations. Additionally,
the TM1 parameter set satisfactorily describes properties of both finite nuclei and nuclear
matter. By increasing the value of the parameter δa, more asymmetric, less bound matter
is obtained. The minimum of the binding energy for a fixed value of δa determines the
position of equilibrium density na0, which for increasing asymmetry is shifted towards lower
densities. For the case of symmetric nuclear matter, the equality na0 = n0 holds, where n0
is the density of saturation. In the relativistic mean field approach there is a linear density
dependence of the symmetry energy [58, 59]. Calculations based on variational many-body
theory performed by Wiringa et al. [43] with the use of the Argonne two body potential
av14 or Urbana uv14 supplemented with the three-body potential UVII or TNI lead to the
form of the symmetry energy which initially increases with density and after reaching a
maximum decreases. In all calculations the kinetic contribution to the symmetry energy
is almost the same. So the reason for the discrepancy between different model predictions
is the isospin-dependent potential term in the symmetry energy. In the relativistic mean
field theory this potential term is always repulsive and increases linearly with density.
The density dependence of the symmetry energy calculated for various models is given
in Fig.2. The parabolic approximation with the use of the standard TM1 parametrization
leads to a stiff form of the symmetry energy. The extended isovector sector with additional
ω−ρ and σ−ρmeson couplings modifies the symmetry energy and allows one to get its softer
form. Results of the analysis presented in Fig.2 include the cases ΛV = 0.0, 0.0165 and 0.03.
The density dependence of the symmetry energy that approaches solutions obtained for
the AV14 and UV14 models, with the Urbana VII (U VII) three nucleon potential, follows
from the increasing value of ΛV .
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Figure 2. The density dependence of the symmetry energy calculated for different values of the ΛV
parameter. For comparison, the results obtained for realistic nuclear potential models are included,
cf the text.
In the case of asymmetric nuclear matter, coefficients that characterise isospin sensitive
part of the EoS depend also on the parameter δa. Two main parameters, through which the
dependence of the symmetry energy on density can be expressed, are the symmetry energy
coefficient Esym(n0) and the slope parameter L(n0), both given at saturation density n0.
For asymmetric matter Esym(n
a
0) and L(n
a
0) can be evaluated at equilibrium density n
a
0 and
the obtained coefficients are changed due to non-zero δa. The left panel of Fig.3 depicts how
the increasing isospin asymmetry influences the value of the symmetry energy coefficient
Esym(n
a
0). Initially, for low asymmetries it increases and after reaching the maximum, it
decreases. Position of the maximum and the range of changes of Esym(n
a
0) depend on
the slope L of the symmetry energy. Isospin dependence of L(na0) reflects the changes in
Esym(n
a
0). Inclusion of the ω − ρ and σ − ρ couplings softens considerably the symmetry
energy which leads to a significant reduction of the slope parameter L(na0). The change
of ΛV and ΛS in the range from 0.0 to 0.03 implies change in the value of L, from 110.79
MeV to 55.76 MeV for ΛV and from 110.79 MeV to 46.47 MeV for ΛS , which values have
been obtained for δa = 0.
It is expected that the significance of the 4-order term is progressive with increasing
density and isospin asymmetry, which are conditions met in neutron star interiors. In
the very general form the symmetry energy may be written as a sum of the kinetic and
potential terms, Esym(nb) = Es, kin(nb) + Es, pot(nb). The kinetic term is due to the shift
in neutron and proton Fermi energies whereas the interaction parts includes contributions
coming from the isovector sector of the model, which in the simplest case, comprises only ρ
meson. One of possible ways to extend this sector is to consider mixed nonlinear ω−ρ and
σ − ρ couplings. These non-linear couplings give additional contributions to the potential
part of the symmetry energy for both the 2-nd and the 4-th order terms (4.12, 4.13, 4.14).
In Fig.4 the results obtained for the 4-th order term and for different value of the isospin
asymmetry parameter δa are presented. In the left panel, the effect of both ΛV and δa
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Figure 3. The symmetry energy coefficients calculated at equilibrium density na0 as a function of
isospin asymmetry δa. Left panel shows E2,sym(n
a
0) and the right panel the symmetry energy slope
L(na0). Calculations were done for different values of parameters ΛV and ΛS .
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Figure 4. The 4-th order symmetry energy terms calculated for TM1 parameterization. The po-
tential (left panel) and kinetic and potential contributions (right panel) are presented separately.
Calculations of the potential energy have been done for different values of both ΛV and δa param-
eters.
is presented. The nonzero value of ΛV leads to higher values of minima for the potential
energy. The same effect is obtained for the reduced isospin asymmetry. The right panel
of this figure allows one to compare the kinetic and potential symmetry energy of the 4-th
order terms and quantifies differences in the magnitude between them. Results obtained
for the model under consideration show that E4,sym(nb) increases with density. Values of
this energy are approximately between 1 MeV and 4.5 MeV for the density range (n0, 3n0).
In the case of kinetic energy, the influence of ΛV is small therefore the results for only one
value ΛV = 0.03 are given.
Because the symmetry energy is studied in systems with high asymmetry and density,
therefore it is necessary to move away from the parabolic approximation. The first step
is to take into account the fourth order term in the description of the function, which
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determines the symmetry energy. Further analysis which bases on the Pade´ approximation
is presented in the right panel of Fig.5. One major advantage of the Pade´ method lies
in the fact that, according to theoretical foundations (Section III), this approximation is
a more accurate representation of the function ε(nb, δa). Additionally, it introduces the
explicit dependence on δa, which is of particular importance when examining a nuclear
matter with a high degree of isospin asymmetry. Results presented in Fig.5 were obtained
for δa = 0.8. From this figure one can see that Pade´ approximation leads to a stiffer form
of the symmetry energy when compared to the parabolic approximation. These solutions
have been achieved for the TM1 parametrization for the model, which gives the slope pa-
rameter L = 56 MeV. In this case the 4-th order term of the Taylor series expansion,
E4sym, has the potential energy, which is only a few percent of the kinetic energy. If the
assumption is made that the kinetic and potential energy terms are of comparable magni-
tude then further stiffening of the symmetry energy can be obtained. In the case of the
Pade´ approximation, the symmetry energy given by formula (2.13) depends on the value
of isospin asymmetry δa and the ratio E4,sym(nb)/E2,sym(nb). The available experimental
data provide little information about the relationship of E4,sym(nb) and E2,sym(nb). Cer-
tainly, the ratio E4,sym(nb)/E2,sym(nb) treated as a function of nb is of bounded variation.
One can even risk saying that E4,sym(nb) is practically proportional to E2,sym(nb) in the
available energy range. Such an assumption leads to interesting consequences. The theory
of ordinary differential equations [64] says that for given bondary values one gets an infinite
series qn of possible values of q = E4,sym(nb)/E2,sym(nb) that can be compared with exper-
imental data. A detailed analysis of this case is in preparation. It is possible to estimate
constrains on the value of E4,sym(nb) derived for different theoretical approaches and on
the basis of experimental data (Table 1). It varies from a few to several dozen percent.
By introducing a parameter which describes the ratio, say q = E4,sym(nb)/E2,sym(nb), it
is possible to analyse how the value of this parameter influences the final form of symme-
try energy. Results are depicted in Fig.5. Increasing the value of the E4,sym(nb), which
corresponds to a higher value of the parameter q, stiffens the form the symmetry energy.
More precise functional form of the ratio E4,sym(nb)/E2,sym(nb) is beyond the scope of this
analysis. In this figure solutions obtained for various forms of the symmetry energy are
included. The main part of the results concerns the Pade´ approximation. In this approach
the solution obtained for the considered model (E
(P )
sym) is represented by the cyan curve,
whereas the pink line (E
′(P )
sym) is for the same model yet with the increased value of potential
part of the symmetry energy. These solutions have been obtained for ΛV = 0.03, and for
very high isospin asymmetry δa = 0.8 and compared with the results derived for parabolic
approximation. The latter case gives the softens symmetry energy. The resulting solutions
for different values of q are represented as a series of models for which the assumption
regarding the approximate proportionality of E4,sym(nb) and E2,sym(nb) was adopted. The
highest value of q leads to the stiffest form of the symmetry energy. In the next step, various
modification methods of the symmetry energy were compared with experimental limita-
tions. A summary of theoretical results and the corresponding experimental constraints
are presented in Fig.6. The band shaded in blue represents experimental constraints ob-
tained by Russotto et al. [8] whereas, the pink one corresponds to solutions that were
– 16 –
 0
 20
 40
 60
 80
 100
 120
 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45
E s
ym
 
[M
eV
]
nb [fm-3]
Esym
(P)(q=0.1)
Esym
(P)(q=0.3)
Esym
(P)(q=0.5)
Esym
(P)
E’sym
(P)
Esym
(2)
Figure 5. The density dependence of the symmetry energy calculated with the use of Pade´ ap-
proximation. The presented curves starting from the softest one correspond to: E
(P )
sym - the Pade´
approximation calculated for the presented model (pink line), E
′(P )
sym - the Pade´ approximation cal-
culated for the modified model with the increased value of the potential part of the symmetry
energy (cyan line), a sequence of curves obtained for the case of E2,sym(nb) and E4,sym(nb) self-
similar density dependence, for different values of the parameter q (see the text). Results have been
compared with the one obtained for parabolic approximation (orange line).
given in the paper by Cozma et al. [65]. The latter results were obtained as an attempt
to create a model-independent limitation of the high-density form of the symmetry energy.
The presented constraints differ in their approach to the isovector part of the EoS and
the transport model involved. The model-independent solution uses the Gogny inspired
(momentum-dependent) potential as well the Tubingen QMD model [66], while the results
obtained by Russoto et al. are based on the power law parametrization of the symmetry
energy and the UrQMD transport model [8]. In the left panel of Fig.6, the presented ex-
perimental limitations were compared with the results obtained for the Pade´ approach. It
is evident that solutions derived on the basis of the considered model, for the high value
of the isospin asymmetry are only marginally consistent with the high density limit of the
presented constraints. In the case of the Pade´ approximation and assuming proportionality
of E4,sym(nb) and E2,sym(nb) satisfactory compliance with experimental limitations can be
obtained.
6 Possible astrophysical implications
The analysis of asymmetric nuclear matter is of great importance in astrophysical applica-
tions, especially regarding the modelling of neutron star interiors. This allows one to study
how the change in isospin asymmetry translates into a change in the properties of neu-
tron stars. Their parameters such as the mass and radius can be calculated basing on the
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Figure 6. Experimental constraints obtained for the density dependence of the symmetry energy.
The pink band represents an attempt to create a model-independent limitation of the high-density
form of the symmetry energy [65], whereas the blue band corresponds to the results derived by
Russotto et al.[8]
equation of hydrostatic equilibrium - the Tolman-Oppenheimer-Volkoff (TOV) equations:
dP (r)
dr
=
−G ((r) + P (r)) (m(r) + 4pir3P (r))
r2
(
1− 2Gm(r)r
) (6.1)
dm(r)
dr
= 4pir2(r)
dnb(r)
dr
= 4pir2
(
1− 2Gm(r)
r
)−1/2
,
where m and nb denote the enclosed gravitational mass and baryon number, respectively.
Supplied with the EoS, which have been derived for the TM1 parametrisation, for ΛV = 0
and ΛV = 0.03 the mass and radius of a neutron star for a given central density ρc can be
calculated. Solutions of the TOV equation in the form of R-M diagrams are presented in
Fig.7. For the analysis, two characteristic stellar configurations were selected. The one for
which the central density ρc is of the order of 2n0 and the second being the maximum mass
configuration. The choice of the first configuration was dictated by the desire to examine
the interior of a star, whose central density is comparable to the density value achieved in
the HIC experiments. Analysis of the selected isospin sensitive observables allows for the
estimation of this density. Its upper limit is within the range (2n0, 3n0). The chosen stellar
configurations are marked by dots on the R-M diagrams. The form of the obtained R-M
diagrams confirms the conclusion about the role of the parameter ΛV , whose presence has
a small effect on the value of the maximum mass, yet significantly changes the value of
the stellar radius. Having obtaind the solution of TOV equations, it is possible to study
the internal structure of a neutron star. In this paper the analysis focuses on the isospin
asymmetry parameter δa. This type of studies was carried out in various aspects. The left
panel of Fig.8 shows the density and radial dependences of δa. The general conclusion that
can be drawn is that the presence of ω−ρ coupling leads to more asymmetric matter. This
also can be seen by comparing radial dependence of δa calculated for selected configurations.
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Figure 7. The mass-radius relations obtained for the TM1 parametrisation for ΛV = 0 and for
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Figure 8. In the left panel the density and radial dependence of the isospin asymmetry parameter
is plotted. Results have been obtained for ΛV = 0.0 and 0.03. In the case of radial dependence for
each value of ΛV the solutions for two stellar configurations are included. These are the maximum
mass configuration and the configuration with ρc = 2n0. The right panel shows relations M(∆a)
and R(∆a), where M and R are the total mass and radius of neutron stars calculated for TM1
parametrisation with ΛV = 0.0 and 0.03. ∆a denotes the total relative neutron excess obtained for
a given stellar configuration. Positions of the selected configurations are marked by dots.
Instead of δa, the stellar radius and mass can be plotted against the parameter ∆a, which
determines the total relative excess of neutrons in a star. It was calculated in the same
way as δa however, for Nn, and Np defined as Ni =
∫ R
0
ni(r)√
1− 2m(r)
r
dr, where m(r) is the
mass enclosed inside the radius r and ni, (i = n, p) denotes number density of neutrons
and protons. The relation between the mass and radius of a star and the quantity ∆a is
plotted in the right panel of Fig.8. The analysis of the M(∆a) dependence shows that the
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Table 3. Parameters of the selected neutron star configurations
ΛV ∆a ρc/n0 M[M] R [km] δa(0)
Mmax 0.03 0.77 6.05 2.11 11.6 0.69
2× n0 0.03 0.85 2.08 1.13 12.42 0.79
Mmax 0.0 0.6 5.71 2.17 12.09 0.41
2× n0 0.0 0.79 2.05 1.33 13.05 0.63
increase in the value of parameter ΛV causes a change in the range of ∆a values that can be
achieved up to the Mmax configuration. For ΛV = 0.0, ∆a for Mmax configuration is of the
order of 0.6, whereas for ΛV = 0.03, ∆a for Mmax equals ≈ 0.77. The extremely large value
of ∆a ≈ 0.86 was achieved for the configuration characterised by ΛV = 0.03 and ρc = 2n0.
The remaining upper curves in this figure show the dependence R(∆a). Results containing
values of parameters that characterize individual stellar configurations are gathered in the
Table 3. The symmetry energy is decisive for the proton fraction Yp = np/nb in β-stable
neutron star matter, being one of the most isospin sensitive observable. Determining
its value is based on the problem of chemical composition of a neutron star, which has
been discussed in Section VI A. In the case of cold neutrino free matter µasym = µe.
This can be related to the symmetry energy through the equation µasym = 4δaE2sym(nb).
This relation holds when only the 2-nd order term of the Taylor expansion is included.
Taking into account additionally the 4-th order term the following result can be derived
µasym = 4δaE2sym(nb) + 8δ
3
aE4sym. In Fig.9 relative concentrations of protons obtained
for the considered model have been presented. The results obtained refer to the neutron
star nucleus The red, upper curve represents density dependence of Yp that follows directly
from the considered model of the neutron star, calculated for ΛV = 0.03. The remaining
curves show solutions obtained for the symmetry energy in the parabolic approximation
T2, ΛV = 0.03, and the Pade´ approximation. In the latter case the result that much better
reproduces the actual concentration of protons obtained for a specific neutron star matter
model is derived.
7 Conclusions
The purpose of this paper was to analyse the isospin dependent properties of asymmetric
nuclear matter and the involved definition of the symmetry energy. The standard defini-
tion of the symmetry energy as the second and fourth order term in Taylor expansion is
compared with the one obtained in the Pade´ approximation. One should expect that the
results are not identical due to the different convergence properties of approximations. The
main difference consists in the fact that the symmetry energy in the Pade´ approximation
itself becomes a function of both the baryon density and isospin asymmetry. Switching
on the explicit dependence on δa reveals itself in highly isospin asymmetric systems. The
virtue of this approach is that one can trace this dependence. The performed analysis
indicates that the important factor influencing the form of the symmetry energy is the
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Figure 9. The density dependence of the relative proton fraction Yp for the neutron star matter
obtained for ΛV = 0.03. For comparison Yp(nb) calculated for the symmetry energy in the parabolic
and in Pade´ approximations are also given.
ratio E4,sym(nb)/E2,sym(nb). This reveals one of the main sources of uncertainties as the
functional form of E4,sym(nb) is practically unknown. In this investigation, only the case
when this ratio is approximately constant was considered and compared with experimental
constraints. Going beyond this approximation and accepting a more involved functional
form of the ratio E4,sym(nb)/E2,sym(nb) opens new interesting possibilities of further stud-
ies. The performed analysis of the equilibrium proton fraction in neutron star matter
demonstrates the advantage of the Pade´ approximation approach.
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